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Abstract 18 
Due to strong coupling between viscosity and temperature, the dynamics of magma 19 
flows in conduits are drastically controlled by thermal effects due to heat generation 20 
by viscous dissipation and loss to the walls by conduction. Here we present analytical 21 
solutions and a practical procedure based on an order of magnitude analysis that 22 
permits the characterization of the regime and estimation of the main features of the 23 
flow. The ranges of validity of analytical and asymptotic solutions were bounded by 24 
using results from fully 2-D numerical solutions of mass, momentum and energy 25 
 2 
equations for magma flow inside a cylindrical conduit and the heat conduction in the 26 
surrounding host rocks. The results permitted the identification of three regimes: a 27 
conductive-heat-loss-dominated regime, an intermediate regime, an a viscous-heating-28 
dominated regime. Some useful analytical parameterizations are proposed for 29 
estimating friction in simplified 1-D models. Temperature layering due to heat loss by 30 
conduction can lead to local crystal growth and magma solidification whereas heat 31 
generated by viscous dissipation can be responsible for crystal resorption and re-32 
melting of wall-rocks.  33 
 34 
1. Introduction 35 
The dynamics and thermo-dynamics of viscous fluids with a strongly temperature-36 
dependent viscosity, such as magmas, cannot generally be described neglecting 37 
coupling between the equations for momentum balance and the equation describing 38 
energy conservation. Temperature variations in ascending magma can be produced by 39 
many physical processes including heat exchange with wall-rocks and hydrothermal 40 
systems, by viscous frictional heating, by release of latent heat of crystallization, and 41 
by cooling due to expansion of volatiles and chemical reactions. The amount of heat 42 
that is generated or lost strongly depends on the flow conditions (velocity, pressure 43 
and magma composition distribution inside the conduit) and on the thermal state of 44 
the surrounding rocks and hydrothermal systems. Changes in temperature result in 45 
changes in the rheological properties of magma (by variations due to the temperature 46 
itself or through the change in crystallinity and chemical composition of the magma). 47 
These changes lead to alteration in the velocity profile and may introduce positive 48 
feedbacks in the system that can result in various instabilities. 49 
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Most conduit flow models that have been developed for description of magma flow 50 
are 1-D and assume isothermal ascent conditions (see Sahagian [2005] for the review 51 
of existing models). In order to model conduit friction in a 1-D approach, the velocity 52 
profile inside the conduit is assumed to be parabolic as in the classical Poiseuille 53 
solution for a pipe or a slab flow [e.g., Batchelor, 1967]. This solution is only valid 54 
for an incompressible laminar flow of a liquid with constant viscosity. In the case of 55 
magma, viscosity (even if magma is assumed to be a Newtonian liquid) depends on 56 
temperature, composition, volatile content, crystallinity, strain-rate and volume 57 
concentration of bubbles.  Thus even for isothermal flows the validity of a parabolic 58 
velocity profile needs to be justified and may be violated in many flow conditions.  59 
There is increasing evidence for significant variations in magma properties across 60 
volcanic conduits. For example, the presence of grey and white pumices with different 61 
thermal histories [Polacci et al., 2001; Rosi et al., 2004] has been documented for 62 
many volcanic eruptions at various different volcanoes. Tuffen et al. [2003] 63 
discovered, in addition, complicated layered structures in contact zones in rhyolitic 64 
dykes with evidence of shear melting and fracture healing. Cooling manifests itself by 65 
the presence of chilled margins commonly observed in eroded contacts.  66 
A few conduit flow models incorporate cross-conduit temperature variations caused 67 
by solidification and heat transfer to wall rocks [Delaney and Pollard, 1981; Delaney 68 
and Pollard, 1982; Huppert and Sparks, 1989; Bruce and Huppert, 1990; Fialko and 69 
Rubin, 1999; Petcovic and Dufek, 2005] and by shear heating [Hardee and Larson, 70 
1977; Nelson, 1981; Costa and Macedonio, 2003, 2005; Vedeneeva et al., 2005; 71 
Mastin, 2005]. The range of assumptions in these models is wide, starting from 72 
constant viscosity flows, through quasi-1-D models for variable viscosity fluids to 73 
fully 2-D simulations. These models show that temperature distribution and history of 74 
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the flow can be very complex. In the case of temperature-dependent viscosity, the 75 
velocity profile can evolve from parabolic in the entry region to plug-like as the 76 
thermal boundary layers start to develop. This change has a strong influence on the 77 
conduit friction. In the case of isothermal flow, the friction increases as magma 78 
ascends due to increase in magma velocity and viscosity due to volatile exsolution. 79 
Formation of a thin zone of hot, low viscosity magma near conduit walls leads to a 80 
decrease in friction during ascent. Overall friction decreases and, therefore, the 81 
discharge rate predicted by non-isothermal models is higher than for isothermal flow 82 
conditions. If heat flux to wall-rocks is taken into account, wall temperatures can be 83 
non-monotonic in space and time.  84 
From an experimental point of view, there have been very few investigations of the 85 
effects of viscous heating on magma flows. Recent results obtained by Hess et al. 86 
[2006], using a uniaxial high temperature, high load apparatus with calc-alkaline 87 
magmas, clearly showed that internal viscous dissipation can be responsible for both 88 
temperature increases and the apparent onset of non-Newtonian flow behaviour. 89 
 90 
Similar problems are encountered in industry for polymer and oil flows. Most 91 
polymer processing methods involve heating and cooling phases. As in silicate melts, 92 
polymers have a low thermal conductivity and a strongly temperature-dependent 93 
viscosity. Local temperature variations, even confined in very thin layers, can cause 94 
degradation and many undesirable effects. For these reasons, general processes 95 
involving heat transfer and heat generation by viscous friction have been extensively 96 
investigated using experimental [e.g., Sieder and Tate, 1936; Sukanek and Laurence, 97 
1974; Skul’skiy et al., 1999], analytical [e.g., Pearson, 1978; Richardson, 1983, 98 
1986a, 1986b] and computational [e.g., Lin and Jaluria, 1997, Wichterle, 2004] 99 
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approaches. Because high-shear-rate viscosity measurements of engine oils can be 100 
affected by viscous heating some semi-empirical corrections (valid in a limited range) 101 
were proposed [Lodge and Ko, 1989; Ko and Lodge, 1991] for viscosimeters. Recent 102 
studies also show that viscous heating has a pivotal role in interpreting controversial 103 
experimental data for liquid flows in micro-channels [e.g., Morini, 2006]   104 
 105 
In this manuscript we will study the thermal budget of ascending magma resulting 106 
from convective and conductive heat transfer and viscous heat production. We will 107 
specify the controlling dimensionless parameters and describe asymptotic behaviour 108 
of the system at different end-members. Wherever possible, we will present 109 
corresponding analytical solutions and recipes to estimate main flow parameters 110 
without the solution of fully 2-D transport and energy equations. The primary 111 
dimensionless groups are estimated for typical eruptive flow conditions. Several 112 
implications for magma flows such as temperature and strain layering, increases and 113 
decreases in friction factor, and crystal resorption are also discussed. 114 
2. Governing equations and dimensionless numbers 115 
As a first order approximation, with the aim of evaluating the role of heat transfer, 116 
magma can be modelled as an incompressible and homogeneous fluid with constant 117 
density, constant specific heat and constant thermal conductivity. We will also restrict 118 
our investigation to flows in simple geometries such as cylinders or slabs. Let us 119 
consider a vertical conduit of length L  and diameter D (or thickness H for a slab 120 
flow) with
! 
D L <<1. Under these assumptions, fluid dynamics and heat transfer are 121 
described by the following transport equations for mass, momentum and energy, 122 
respectively: 123 
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 130 
where ρ is the fluid density, v is the velocity vector, g represents the gravitational 131 
force per unit of volume, P is the pressure, τ  is the stress tensor, T is the temperature, 132 
c is the specific heat and k is the bulk thermal conductivity. The term containing the 133 
stress tensor τ  in equation (3) represents an internal heat generated by the viscous 134 
dissipation (the symbol : indicates the inner product between two symmetric second-135 
rank tensors). Latent heat release due to crystallization is here accounted for by 136 
assuming an equilibrium crystallization process. An effective specific heat 137 
! 
c = cp + L* (TL "TS ) accounts for the release of latent heat for the case when the 138 
crystal fraction changes linearly with temperature 
! 
" = (T
L
#T) (T
L
#T
S
) and 139 
temperatures of liquidus TL and solidus Ts are constant (here 
! 
cp  denotes the magma 140 
specific heat and L* is the latent heat of crystallization). Thus we neglect here the 141 
decompression-induced crystallization. For the sake of simplicity, we adopt a 142 
Newtonian relationship between stress tensor and strain-rate although the results can 143 
be generalized:  144 
 145 
! 
" = µ #v+ #v( )
T[ ]         (4) 146 
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 147 
where the superscript T denotes the transposition. Viscosities of silicate melts strongly 148 
depend on temperature. Temperature-viscosity dependence is commonly described by 149 
either using an Arrhenius relationship or more adequately adopting semi-empirical 150 
extensions of it such as the Vogel-Tammann-Fulcher (VTF) parameterization [e.g., 151 
Hess and Dingwell, 1996; Russel et al., 2003]: 152 
 153 
! 
µ = µ
VTF
exp
A
T "C
# 
$ 
% 
& 
' 
(    (5) 154 
 155 
where µ is the shear viscosity, 
! 
µ
VTF
 is the viscosity value at infinite temperature, A 156 
corresponds to a pseudo-activation energy parameter and C is the temperature at 157 
which viscosity tends to infinity. All adjustable parameters in (5) depend on magma 158 
composition [e.g., Hess and Dingwell, 1996], and especially on volatile content. In the 159 
context of an order of magnitude analysis, and when the typical range of temperatures 160 
is not large, an exponential approximation is more suitable for analytical 161 
manipulations [e.g., Pearson, 1977]:  162 
 163 
! 
µ = µ
R
exp "b T "T
R( )[ ]                                                                       (6) 164 
 165 
where 
! 
µ
R
= µ T
R( )  denotes the shear viscosity value at the reference temperature 
! 
T
R
 166 
and 
! 
b =
1
µ
"µ
"T
# 
$ 
% 
& 
' 
( 
T
R
represents the rheological sensitivity to the temperature. 167 
 168 
Equations (1-4) are solved with the following boundary conditions: at the walls we 169 
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assume a no-slip velocity, whereas at the conduit inlet we consider that the fluid 170 
enters with a mean velocity V and a parabolic profile, although the shape of the 171 
velocity profile at the inlet has a small influence on the flow conditions after a short 172 
(order of a few D) entry length region. At the conduit outlet, a reference pressure and 173 
zero radial velocity are specified. For the temperature, we assume that fluid enters 174 
with a uniform constant temperature 
0
T . At the conduit walls, we consider both a 175 
prescribed vertical temperature profile 
w
T  for a first-order analysis or more realistic 176 
boundary conditions that are described in the Section 4 where results of a numerical 177 
solution of equations (1)-(4) are presented. 178 
 179 
2.1 Approximated equations for an order of magnitude analysis 180 
 181 
In order to make preliminary estimates on the thermal budget during magma ascent 182 
we will employ an approach similar to that used in Pearson [1978] for polymer flows. 183 
For sake of simplicity in this section we will restrict most of our considerations to a 184 
cylindrical conduit, but results can be easily reformulated to the case of a slab 185 
geometry. Assuming that vertical variations of vertical velocity vx are much smaller 186 
than radial because 
! 
L R >>1 (R=D/2, denotes the conduit radius) we will find the 187 
solution with v = (vx(r),0)T where superscript T means transposition.  Equation (1) for 188 
mass conservation is written in an integral form  189 
 190 
! 
Q = 2"
0
R
# rvxdr                                                                                                           (7) 191 
 192 
and requires that volume flux 
! 
Q " #R2V  is constant. Hereafter 
! 
V =Q/("R2)  will 193 
denote the mean velocity. In the case of a slab flow with a slab thickness H, we have 194 
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! 
Q =W
0
H
" vxdy  where W is the slab width and 
! 
V =Q/(WH) .  Under typical conditions 195 
of low Reynolds number flow (Re = ρVR/µ, based hereafter on the conduit radius R 196 
instead of the diameter D=2R) with 
! 
Pr >>1 and 
! 
R/L <<1 (here 
! 
Pr = µRcp/k  is the 197 
Prandtl number), a lubrication approximation for equation (2) is fully justified 198 
[Pearson, 1977; Costa and Macedonio, 2003, 2005, Vedeneeva et al., 2005]:  199 
 200 
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 202 
where 
! 
P" = (P # $gx)  and 
! 
µ = µ(T). Keeping only the leading terms, equation (3) can 203 
be approximated by [Pearson, 1977; Richardson, 1986a; Costa and Macedonio, 204 
2005]:  205 
 206 
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  208 
The overall pressure drop: 209 
  210 
! 
"P = #
0
L
$
dP%
dx
dx                                                                                                        (10) 211 
 212 
and the convected mean temperature:  213 
 214 
! 
T =
2"
Q 0
R
# rvxTdr                                                                                                       (11) 215 
will be used in further analysis. The convected mean temperature (11) is also 216 
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commonly used as primary variable in the energy equation of 1-D conduit models 217 
[e.g., Costa and Macedonio, 2002; Melnik and Sparks, 2005; Costa et al., 2007b]. 218 
The only relevant velocity and length scales in equations (7) and (8) are 
! 
V  and
! 
R, 219 
whereas equation (9) involves two natural length scales, 
! 
R for the conductive term 220 
and 
! 
L  for the convective term, respectively. The wall temperature 
! 
T
w
, the inlet 221 
temperature 
! 
T
0
 (with the corresponding shear viscosity 
! 
µ
0
) and the following 222 
temperature scales 
! 
"T#  are relevant in different flow regimes [Pearson, 1978]: 223 
 224 
! 
"T
bc
= T
0
#T
w
                                                                                                         (12a)  225 
 226 
! 
"T
rheol
#
1
b
=
T=T
R
µ
$µ/$T
                                                                                          (12b) 227 
 228 
! 
"T
visc
=
µV 2
k
T=TR
                                                                                             (12c) 229 
 230 
The first temperature scale (12a) is given by the difference between the inlet and wall 231 
temperatures; the second (12b) is the temperature scale at which rheological property 232 
changes occur (
! 
T
R
 is a reference temperature); the third temperature scale (12c) is 233 
given by a balance between the viscous dissipation term 
! 
µV 2/R2  and the heat 234 
conduction term 
! 
k"T
visc
/R
2 .  235 
 236 
Rewriting equations (7), (8) and (9) in dimensionless form and assuming for 237 
simplicity the relationship (6) for the viscosity, we obtain:  238 
 239 
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 245 
where the dimensionless variables are introduced  246 
 247 
! 
" =
x
L
;  # =
r
R
;  u =
v
x
V
;  $ =
(T %T
0
)
&T'
;  (' =
R
2
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µ
R
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 249 
and the dimensionless numbers are: 250 
 251 
! 
Gz =
"cVR2
kL
;   Gr =
µ
R
V
2
k#T$
;   S = b#T$                                                                       (17) 252 
 253 
Gz denotes the Graetz number (i.e., the Péclet number times the aspect ratio 254 
! 
Gz = PeR/L ), which represents the ratio of heat convection in the longitudinal 255 
direction to heat conduction in the radial direction. When Gz is very large the 256 
temperature field is developing, that is axial convection dominates over radial 257 
conduction everywhere in the flow except for a thin thermal boundary layer near the 258 
conduit walls. Here it is based here on the conduit radius R instead of the diameter 259 
D=2R. The viscous heating number Gr represents a ratio between the viscous 260 
temperature (12c) and the typical temperature scale 
! 
"T# . Gr is known as Nahme-261 
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Griffith number Na when 
! 
"T# =1 b, i.e. 
! 
Na = bµ
R
V
2
k , and Brinkman number Br 262 
when 
! 
"T# = "Tbc , i.e. 
! 
Br = µ
R
V
2
k(T
0
"T
w
)( ) . When Na is large, the temperature 263 
increase due to heat generation by viscous dissipation is sufficiently large to change 264 
the viscosity significantly. The third dimensionless number S is given by the ratio 265 
between the temperature scale 
! 
"T#  and the rheological temperature (12b). When 266 
! 
"T# = "Tbc  we will denote the number S using the symbol B, i.e., 
! 
B = b"T
bc
. When B 267 
is small the difference between the inlet and the wall temperatures is not sufficiently 268 
large to cause a significant variation in viscosity. The choice of the most convenient 269 
temperature scale and reference temperature depends on the flow regime, i.e., on the 270 
values of Gz  and 
! 
Na  [Pearson, 1978].  271 
3. Flow regimes 272 
As we will explain later in the Section 3.5, magma flows are generally characterized 273 
by a low Reynolds number and a very large Prandtl number. Typically we have large 274 
Graetz numbers and hence we could restrict our analysis to regimes having
! 
Gz >>1. 275 
However, for a complete description, we will briefly discuss below the cases 276 
with
! 
Gz <<1 and 
! 
Gz =O(1) . 277 
3.1. 
! 
Gz <<1 278 
In this regime the conduction term is dominant with respect to the convective term. A 279 
fully-developed thermal profile and velocity flow will occur over most of the conduit 280 
length. This condition is not typical for magma flow, although in principle it can 281 
occur in the case of very slow and very thin flows in dykes, and can thus be important 282 
in the analysis of analogue experiments. For the temperature scale, the most natural 283 
choice is 
rheol
T!  with 
! 
µ evaluated at a suitable temperature 
! 
T
R
.  284 
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3.1.1. 
! 
Na <<1 285 
In this case the dynamical equations can be decoupled from the energy equation. 286 
Effects of viscous heating are negligible. The most suitable reference temperature is 287 
the wall temperature, i.e., 
R w
T T=  and the corresponding Nahme number based on this 288 
temperature 
! 
Na = Na
w
" bµ T
w( )V
2/k . If the wall temperature is assumed to be 289 
constant the flow remains isothermal.  290 
3.1.2. (1)Na O=  291 
In this intermediate regime, viscous heating introduces a coupling between the energy 292 
and momentum equations but the choice of 
R w
T T=  is still adequate. Due to intensive 293 
heat conduction the temperature across the conduit remains nearly constant. 294 
3.1.3. 
! 
Na >>1 295 
Here the viscous heating effects are dominant and the choice of 
w
T  as a reference 296 
temperature is not valid since it leads to an overestimation of 
R
µ . A better reference 297 
temperature 
! 
T
R
, determining a more representative shear viscosity, consists of 298 
considering 
! 
T" = Tw + Na* b with 
! 
Na" = bµ(T")V
2
k  where 
! 
b = b
T=T
*
. These relations 299 
implicitly define 
R
T T
!
= . For example, using the rheological relationship (6) we 300 
obtain 
! 
Na" = Nawe
#Na" , which allows us to estimate 
! 
Na"  in an iterative way by solving 301 
a non-linear equation where initially b can evaluated at 
! 
T = T
w
. In this regime one can 302 
expect a large increase in magma temperature in regions of high shear. Convective 303 
and conductive heat transfers are not efficient so that the temperature increase will be 304 
localized. 305 
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3.2. (1)Gz O=  306 
In this regime, the effects of conduction and convection are broadly comparable. All 307 
the temperature scales (12) can be important. Viscous heating, convection and 308 
conduction effects can be equally important. Numerical solutions are necessary.  309 
3.3. 
! 
Gz >>1 310 
This regime is typical for most magma flows. In this case the flow cannot be 311 
considered as thermally-developed. Heat conduction to the walls in this regime will 312 
only affect a narrow boundary layer within the conduit. Depending on the values of 313 
Gz  and Na  the heat generated by viscous dissipation can be negligible, comparable, 314 
or dominant with respect to the heat loss by conduction. A convenient choice for this 315 
regime can be 
0R
T T=  and 
! 
"T# = "Trheol  [Pearson, 1978], so that Na  represents the 316 
so-called Nahme-Griffith number,
! 
Na = Na
0
" b µ T
0( )V
2/k  where 
! 
b = b
T=T
0
. There are 317 
three different cases that can now be relevant for magma flows.  318 
3.3.1. 
! 
Na <<1 319 
In this case viscous heating can be neglected but if the value of B  is large enough, i.e. 320 
if the wall-rocks were significantly cooler than the magma, then equations (8) and (9) 321 
cannot be decoupled, since cooling by conduction can have an important role in the 322 
dynamics [e.g., Costa and Macedonio, 2002, 2003, 2005].  323 
A simplified 1-D solution can be used to estimate the wall temperature as a function 324 
of the far field temperature 
! 
Tff , the average fluid temperature 
! 
T , and the Nusselt 325 
number 
! 
Nu
D
 (see Appendix for details):   326 
 327 
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! 
Tw =
Tff + 2"NuD Ea (# )T
1+ 2"NuD Ea (# )
                                                                                       (18) 328 
 329 
where 
! 
E
a
 is a universal function of the dimensionless time 
! 
" # kt ($cpR
2
) . Fluid 330 
temperatures near the wall can be significantly lower than in the core of the flow. If 331 
B  is large, near the walls the viscosity is relatively large and may therefore 332 
drastically affect the velocity profiles and, thus, the friction. This can also lead to 333 
significant corrections for the Nusselt number, i.e. heat exchange coefficient (see the 334 
Appendix). 335 
3.3.2. 
! 
Na =O(1)  336 
Viscous heating cannot be neglected in this case. The energy and momentum 337 
equations now become strongly coupled. For 
! 
B <<1, "T
bc
 becomes irrelevant because 338 
the flow temperature quickly deviates from the initial temperature. For larger B the 339 
solution is complex. Numerical solutions are thus necessary.  340 
 341 
3.3.3. 
! 
Na >>1 342 
Viscous heating effects are dominant. The choice of 
0R
T T=  as a reference 343 
temperature can yield an overestimation of
! 
µ
R
. Similarly to the case when
! 
Gz <<1, a 344 
better estimation of 
R
T  can be obtained, considering 
! 
T" = T0 + Na* b  with 345 
! 
Na" = bµ(T")V
2
k  where 
! 
b = b
T=T
*
. These relations implicitly define 
R
T T
!
= . For 346 
instance, using the rheological relationship (6) we obtain 
! 
Na" = Na0e
#Na"  from which 347 
we estimate 
! 
Na"  then 
! 
T" = T0 + Na* b , where initially b can evaluated at 
! 
T = T
0
. This 348 
implies that 
! 
ln(Na) is the relevant parameter to estimate heat 349 
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generation
0gen max
T T T! = " . Using asymptotic solutions [Pearson, 1978; Richardson, 350 
1986a] we can estimate some relevant quantities:  351 
 352 
! 
T
max
"T
0
# ln Na( ) b ,
T "T
0
# $ ln Na( ) b 4%Gz( ),
&P # 2$ 'c ln Na( ) b 4%Gz( )
                                                                (19) 353 
 354 
where 8! =  for a pipe and 4! =  for a slab geometry [Richardson, 1986a]. For 355 
typical values of b and Gz (see Table 1), the maximum temperature may be much 356 
larger than the mean temperature.  357 
 358 
3.4. Order of magnitude analysis: a procedure summary 359 
As mentioned above, for most magma flows we can generally consider 
! 
Gz >>1 at 360 
least over most of the flow field. That means that the convective term will dominate 361 
over the conductive term.  362 
In a similar way to Pearson [1978], we propose a practical procedure that permits one 363 
to decide the relevant quantities and the appropriate regime for the flow under study. 364 
The principal steps or stages are: 365 
 366 
1. Estimate a transversal and a longitudinal length scale, 
! 
R = D 2 and L , 367 
respectively. 
! 
R will be the radius for a cylindrical geometry (or the half-distance 368 
between the walls
! 
H 2  for a slab), and L  the conduit length. 369 
  370 
2. Estimate the quantity: 371 
  372 
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( )
( )!
"
#
$$
=
specifiedisif16
specifiedisif 
2
0
4 PkLPRc
QkLQc
Gz
p
p
µ%
&%
                                  (20) 373 
 374 
This value allows one to decide whether the flow will be likely a thermally 375 
developing (
! 
Gz >>1) or fully-developed flow (
! 
Gz <<1). This dimensionless 376 
group permits one to understand the importance of the convection term with 377 
respect to the conduction term. This procedure can thus help to introduce 378 
considerable simplifications.  379 
3. Calculate the quantity:  380 
 381 
                        
! 
Na =
bµRQ
2 " 2R4k( ) if Q is specified
b#P 2R4 256 µRkL
2( ) if #P is specified
$ 
% 
& 
' & 
                        (21) 382 
 383 
where 
! 
µ
R
 and 
! 
b can initially be estimated at some representative temperature, 384 
for instance at 01 2( )wT T T= / + , then the estimation can be improved using a 385 
more representative temperature. Values of the Na number permit the user to 386 
decide whether there is strong heat generation due to viscous heating or not. If 387 
Na is large enough, we can use analytical relationships (19) to estimate some 388 
relevant quantities.  389 
4.  Finally we estimate:  390 
  391 
                        
! 
B = b(T
0
"T
w
)                                                                                   (22) 392 
 393 
with 
! 
b calculated at some representative temperature, such as 01 2( )wT T T= / + . 394 
This allows one to understand whether there will be a strong coupling between 395 
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the momentum and the energy equations. From a practical point of view, for 396 
magma flows it can be difficult to estimate 
w
T , but if 
! 
Na  is small enough, i.e. 397 
viscous heating is believed to be negligibly small, a simplified approach can 398 
be adopted and 
w
T can be estimated using the relationship (18) (see the 399 
Appendix). In this case, if B is small there will be no feedback influence of 400 
temperature variation on flow profiles. The momentum equation must be 401 
solved first to evaluate the velocity profile. Then the energy equation can be 402 
solved to derive the temperature distribution. 403 
 404 
3.5 Application to magmatic flows in conduits  405 
 406 
In order to link the theory described above with volcanic flows inside the conduit we 407 
present here typical values of the dimensionless parameters. We now need to 408 
distinguish the style of activity (explosive or effusive/extrusive) and magma 409 
composition (mafic or silicic). In the case of explosive eruptions, our analysis is 410 
applicable only for the homogeneous or the bubbly liquid part of the flow. In gas-411 
particle dispersion flows, both the heat transfer to surrounding rocks and the viscous 412 
heating are negligibly small due to short times that magma parcels reside in the 413 
conduit after fragmentation and the low viscosity of gas phase. The temperature 414 
variation there is controlled by an interplay between the cooling due to gas expansion 415 
and the heat exchange with particles. Within an accuracy of several percent, the flow 416 
can be considered isothermal. We will use standardised values, suggested in 417 
Shahagian [2005] and Carey and Sigurdsson [1989], for calculations of the typical 418 
dimensionless parameters for explosive eruptions. For the case of lava dome eruptions 419 
typical values are used following Melnik and Sparks [1999; 2005] and Stasiuk et al. 420 
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[1993]. Magma discharge rates during basaltic eruptions are mainly estimated from 421 
Wadge [1981]. Other property ranges are estimated from Touloukian et al. [1989] and 422 
Shaw [1969]. Ranges of dimensional parameters are listed in Table 1. Calculated 423 
dimensionless numbers are listed in Table 2.  424 
As one can see from Table 2, magma flows are generally characterized by relatively 425 
low Reynolds numbers (except for some cases of very intense eruptions) and very 426 
large Prandtl numbers. Thus, the main flow regime in a volcanic conduit is laminar 427 
and lubrication approximation, equations (8) and (9), can be appropriately applied. 428 
However, in the case of high magnitude eruptions, Re can easily reach values of a few 429 
orders of magnitude greater than 103, which means that the flow cannot then be 430 
assumed laminar. 431 
For most conditions, we have 
! 
Gz >>1. Thus heat convection in the longitudinal 432 
direction dominates over heat conduction in the radial direction. The Nahme number 433 
can vary from very small to very large values in both the lava flow and the lava dome 434 
eruptive styles whereas explosive eruptions are generally characterized by
! 
Na >>1. 435 
This means that for both lava flow and  lava dome eruptive styles we can have both 436 
regimes dominated by conductive heat loss and regimes dominated by viscous heating 437 
effects. On the other hand, magma flows during explosive eruptions are generally 438 
characterized by strong viscous dissipation effects. 439 
 440 
4. Results from 2-D models: validation and limits of the 1-D approach 441 
4.1 2-D simulation of magma flow with heat transfer 442 
In this section we present simulation results obtained from fully 2-D numerical 443 
solutions of the full equation system (1)-(4) considering a cylindrical geometry, i.e. a 444 
pipe flow (see Fig. 1 for the schematic view of the calculation domain and boundary 445 
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conditions). The calculations were performed using Comsol Multiphysics® finite 446 
element solver. We investigate conditions typical for magma flows during lava dome 447 
eruptions (see Table 1 for the list of parameters). In order to compare results of fully 448 
2-D simulations with theoretical models we have approximated the viscosity equation 449 
presented in Hess and Dingwell [1996] in the form of equation (6). Because in Hess 450 
and Dingwell [1996], the viscosity depends not only on temperature but on the 451 
magma water content we have used a medium value of water content 
! 
w
0
 of 2.5 wt% 452 
because inside the conduit the water content typically changes from 4-6 wt% at depth 453 
to a very small value at the surface. However, gas exsolution increases viscosity in 454 
ascending magma, and that should be accounted for, especially for more silicic 455 
magmas. The assumption of constant water content is made only for computational 456 
reasons in order to make the problem tractable. Magma viscosity also strongly 457 
depends on crystal content increasing by a factor of 100 at about 55% of crystals and 458 
up to 104 at 68% of crystals [Costa, 2005; Costa et al., 2007a; 2007b]. We will use a 459 
parametric correction factor Θ representing an average crystal content in ascending 460 
magma and neglecting, for comparative purposes, the vertical and radial variations in 461 
viscosity due to changes in the crystal content. 462 
In order to avoid imposing arbitrary thermal boundary conditions at the conduit walls, 463 
we solve the mass, momentum and energy equations for magma flow inside a 464 
cylindrical conduit and the heat conduction equation in the surrounding host rocks 465 
imposing local far-field conditions for the rock temperature at a distance 
! 
10 " R . The 466 
outer boundary of the calculation domain is selected in a way that variations of 467 
temperature near this boundary due to heating of wall-rocks are negligibly small for 468 
the whole time of the simulation. The far-field temperature profile, 
! 
Tff , is assumed to 469 
vary linearly from the magma chamber temperature, 
! 
T
ch
, at a depth L to an 470 
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environmental temperature, 
! 
T
env
, at the surface. Magma solidification and the melting 471 
of country rock are neglected. We solve the Navier-Stokes equations with the 472 
following boundary conditions: no-slip conditions are assumed for the velocity at 473 
conduit walls, the pressure at the top of the conduit is set equal to zero, whereas at the 474 
bottom of the conduit a fixed pressure or discharge rate (assuming parabolic velocity 475 
profile) are specified. In the case of fixed discharge rate the pressure at the bottom of 476 
the conduit, therefore, can vary according to the variation in the friction along the 477 
entire conduit. For the fixed inlet pressure discharge rate will vary with time. The inlet 478 
temperature is additionally assumed to be constant and equal to the magma chamber 479 
temperature, i.e. 
! 
T
0
= T
ch
. We assume at time t = 0 the temperature in the entire 480 
conduit is equal to its magma chamber value, initial velocity or pressure are 481 
determined by the Poiseuille solution. These initial conditions are artificial because 482 
the temperature and velocity distributions inside the conduit and in the wall-rocks 483 
depend on pre-eruptive processes (dyke propagation or the presence of a permanently 484 
open conduit, for example). Results of simulations show that the system quickly 485 
deviates from these artificial initial conditions to a state that is governed by the overall 486 
thermal balances. Thus the influence of initial conditions is restricted to the initial 487 
stage of the calculations (usually first 1-2 years, i.e.,
! 
" < 0.05 # 0.1). The sensitivity of 488 
the system to initial conditions is outside the scope of the paper. 489 
 490 
4.2 A fixed pressure in the magma chamber case 491 
Here we will present results of the simulations when a fixed pressure is assumed as a 492 
boundary condition at the conduit inlet. In this case discharge rate will be determined 493 
by an overall friction of the conduit and can vary with time as thermal conditions in 494 
ascending magma change.  495 
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Fig. 2a shows variations of discharge rate (normalized by a discharge rate calculated 496 
from the Poiseuille solution Qpois) with dimensional time 
! 
" . Fig. 2b represents cross-497 
section averaged temperature at the top of the conduit <T> (more precisely (<T>-498 
T0)/T0) as a function of time. Viscosity correction factor Θ is equal to 10 for the 499 
dashed lines and to 100 for the solid. At the initial stage of the process when host 500 
rocks are cold and heat loss is significant the temperature inside the conduit decreases 501 
significantly leading to an increase in magma viscosity and, thus, conduit resistance. 502 
Discharge rate consequently decreases. In the case of low chamber pressure (curve 1) 503 
decrease in discharge rate leads to a significant reduction of heat advected by magma, 504 
progressive cooling and increase in viscosity. Finally discharge rate drops to very low 505 
values and the upper part of the conduit cools down by conduction. At higher chamber 506 
pressures discharge rate reaches a minimum and starts to increase. This leads to an 507 
increase in heat advection and of the overall temperature increase inside the conduit. 508 
Decrease in viscosity leads to increase in discharge rate and viscous heating starts to 509 
contribute to a temperature increase. Finally host rock temperature in the vicinity of 510 
the conduit increases to magmatic temperatures, heat flux to wall-rocks decreases and 511 
the system stabilizes with a discharge rate that is higher than Qpois and almost 512 
adiabatic wall boundary conditions for the temperature. The time and the absolute 513 
value of the minimum in discharge rate depends on the intensity of advection of heat 514 
and viscous dissipation. For higher viscosity magmas viscous dissipation will start to 515 
contribute to temperature increase at smaller discharge rates. 516 
Calculations with the fixed pressure boundary condition are computationally more 517 
difficult to perform in comparison with the case when the influx rate into the conduit 518 
is specified. Since after a relatively short transient period (less than ten years) 519 
discharge rate for pressure BC tends to its asymptotic value, we performed most of 520 
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simulations for the case of fixed discharge rate BC. Comparison of calculation results 521 
with theoretical predictions will be done in the next section for the case of fixed 522 
discharge rate BC. 523 
 524 
4.3 The case of fixed influx into the conduit 525 
Below we will present results of fully 2D simulations for the case of fixed influx of 526 
magma into the conduit. As described before in Section 3.5, for typical conditions and 527 
parameters that characterize magma flows (see Tables 1 and 2), the Graetz number is 528 
very large, i.e. we can restrict our considerations to regimes having
! 
Gz >>1 only. 529 
Depending on the value of Na, viscous heating can either be negligibly small or be an 530 
appreciable factor that determines the temperature variations. Fig. 3 shows the 531 
distribution of dimensionless temperature (
! 
(T "T
0
) T
0 ) and dimensionless velocity 532 
(
! 
v
x
V ) at the exit of the conduit for three different typical regimes: (left) heat-loss-533 
dominated regime, i.e. low 
! 
Na
0, (middle) intermediate regime, and (right) viscous-534 
heating-dominated regime, i.e, large 
! 
Na
0. Curves corresponding to dimensionless 535 
times τ = 0.234, 0.467, 0.93, 2.34 and 4.67. There is a progressive increase in rock 536 
temperature with increase in τ. Beside the number 
! 
Na
0 the value of 
! 
" # Na
0
Gz , 537 
useful for characterizing the regimes (see below for details), is marked on the plots.  538 
In the case of low 
! 
Na
0 number, when cooling is large due to a large temperature 539 
difference between the magma and wall-rock, the flow is localized in the central part 540 
of the conduit. Near the walls the temperature is so low that viscosity tends to very 541 
large values and the velocity is almost zero. The maximum velocity is much larger 542 
than 
! 
2 "V
a  as required for a Poiseuille flow solution. There is also a sharp transition 543 
between no-flow and high-flow velocity domains where gradients of the velocity are 544 
correspondingly large. These gradients lead to high strain-rates and therefore to a 545 
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significant viscous dissipation of heat. In the central part of the conduit, the 546 
temperature is almost constant because the radial heat flux is low due to the presence 547 
of a zone with elevated temperatures. As time progresses the temperature in the no-548 
flow region progressively increases, but at a very low rate because in this region only 549 
conduction is responsible for the temperature variations. 550 
In the case of large Nahme numbers, a thin layer of hot magma is formed near the 551 
wall due to viscous dissipation effects. This layer is characterised by hot, low 552 
viscosity magma with high velocity gradients. Instead of loosing heat, magma in the 553 
central region of the conduit receives heat from this hot layer. The surrounding rocks 554 
experience temperatures that are higher than the initial temperature of the magma, 555 
thus, a melting of the wall-rocks is now possible. Because of the low viscosity of 556 
magma in the near-wall zone, the profile of the velocity is flat with all shearing 557 
occurring near the wall. The maximum velocity is smaller than 
! 
2 "V .  558 
In the intermediate regime, heat generated by viscous dissipation is able to balance 559 
heat loss by conduction. Temperature profiles inside the conduit are almost flat and 560 
the velocity distribution very is similar to a parabolic profile. 561 
 562 
4.4 Temperature corrections for 1-D models 563 
We will use obtained results to validate and to define the limits of validity of the 564 
asymptotic relationships presented in the previous section and also to estimate the 565 
deviation from the classical Poiseuille solution for the conduit friction that is usually 566 
adopted in 1-D models. 567 
As previously explained, when viscous heating is dominant, i.e. large 
! 
Na
0
, we use the 568 
inlet temperature as the reference temperature, i.e.
! 
T
R
= T
0 , and we can adopt formulas 569 
(19) to estimate maximum temperature and the average temperature increase: 570 
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 571 
! 
T
max
"T
0
# ln Na
0( ) b                                                                                                (23a) 572 
! 
T "T
0
# $ ln Na
0( ) b 4% Gzx( )                                                                                (23b) 573 
 574 
where (23a) expresses the upper limit for the maximum temperature experienced in 575 
the domain (
! 
Na
0 is based on the values at the inlet and represents an overestimation of 576 
! 
Na
*
)  and in (23b) 
! 
Gz
x
= Re
0
Pr
0
R
x
 represents the local Graetz number (for explanation 577 
see the Appendix).  578 
Since Equations (23a,b) are based on the inlet values (that are also used in 1-D 579 
models), in the limits of their validity, these equations can be used for calculating 580 
temperatures and estimating temperature variations the in simplified 1-D approach. 581 
Solutions (19) and (23a,b) were obtained in the limit 
! 
Na Gz >>1 [Pearson, 1977] but, 582 
as we will discuss later, simulation results show that they can be satisfactorily applied 583 
if the dimensionless quantity 
! 
" # Na
0
Gz  is large enough. We found that values of 584 
the dimensionless group 
! 
"  can be satisfactorily used to identify the different regimes 585 
characterizing the flow. Obviously, a parameter characterizing the flow regime can be 586 
a combination of Na and Gz, such as 
! 
Na Gz  itself or other combinations, but many 587 
features of the flow depend on Na and Gz separately. For example, relationships (19) 588 
and (23b) suggest the use of a number proportional to 
! 
ln(Na) Gz . This will work 589 
well for very large Na numbers and for the mean temperature estimation (see Fig. 4b 590 
where two different cases are shown). This approach will not be useful for 591 
characterizing the regime where Na numbers are relatively low. However, from our 592 
simulation results we found that we can distinguish the regime by evaluating Σ. We 593 
note that the similarity variable introduced in Pearson [1977] is also inversely 594 
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proportional to 
! 
Gz .  595 
On the other hand, when viscous heating is negligible, i.e., for low Nahme numbers, 596 
for large Graetz numbers, we can still assume that the radial temperature variations 597 
are much larger than the longitudinal and locally we can adopt the 1-D model 598 
presented in the appendix for estimating the wall temperature as function of the far-599 
field temperature profile and  the local average temperature:   600 
 601 
! 
Tw (x) =
Tff (x) + 2"NuD (x)Ea (#)T (x)
1+ 2"NuD (x)Ea (#)
                                                                    (24) 602 
 603 
where 
! 
Nu
D  is the local Nusselt number based on the local Graetz number 
! 
Gz
x
 and on 604 
the Sieder and Tate [1936] variable-viscosity correction 
! 
", and 
! 
E
a
 is a universal 605 
function of the dimensionless time 
! 
"  (see Appendix). 606 
Results of simulations show that we can distinguish three regimes that can be 607 
characterized by evaluating the dimensionless group 
! 
" =
Na
0
Gz
=
bµ
0
R
V
3
L
#kc . 
A first 608 
regime is viscous-heating-dominated and corresponds to 
! 
"≳2. In this case the 609 
relationships (23) can be satisfactory applied and, although wall temperature cannot 610 
be estimated analytically, we expect that the more important the viscous heating, the 611 
less important the wall-rock conditions. A second regime is conductive-heat-loss-612 
dominated and corresponds to 
! 
"≲
! 
0.2. In this regime we can reasonably estimate the 613 
local wall temperature (24) and heat exchange coefficient by the method described in 614 
the Appendix. An intermediate regime corresponds to 0.2≲
! 
"≲2. In this case the 615 
conduction is approximately balanced by viscous heating and heat loss. In the 616 
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intermediate case, for practical purposes, one can assume isothermal flow conditions.  617 
Fig. 4 shows the comparison between the analytical solutions (23) and (24) and the 618 
numerically computed values in the two end member cases respectively, i.e. 619 
! 
" <<1and 
! 
" >>1. In Fig. 4a computed values of wall temperature are represented by 620 
symbols whereas the line corresponds to the analytical solution for 
! 
" <<1. On Fig. 4b 621 
the computed mean temperature is compared with the corresponding asymptotic 622 
solution (line). In both cases we have a reasonable agreement that it is expected to 623 
improve for values of 
! 
" much larger or much smaller than those used in the 624 
simulations. 625 
 626 
4.5 Conduit resistance corrections for 1-D models 627 
One of the most important implications for 1-D models is related to an estimation of 628 
the friction factor because overall conduit resistance controls the discharge rate for a 629 
given imposed driving pressure drop. The friction factor is defined as: 630 
 631 
! 
" = #
R
$V 2
dp
dx
                     (25) 632 
Here V is the average velocity calculated from the discharge rate. The pressure 633 
gradient is calculated from the results of the simulations and, depending on the 634 
regime, can dramatically deviate from the isothermal Poiseuille solution in which the 635 
friction factor is 
! 
"
P
= 8 Re
0 . The ratio 
! 
" "
P  between the calculated friction (25) and 636 
the corresponding Poiseuille solution is shown in Fig. 5 at different values of τ from 637 
the beginning of the eruption for three different regimes. Examples reported in Fig. 5 638 
clearly show that, depending on the regime, the classical Poiseuille solution can 639 
under- or over-estimate the real friction factor by up to an order of magnitude. In the 640 
low-
! 
"  regime, friction factor is drastically underestimated, whereas, in the large-
! 
"  641 
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regime, it is highly overestimated. We found that in the conductive loss-dominated 642 
regimes, i.e. low-
! 
" , 
! 
"  can be quite satisfactorily estimated using the Sieder and Tate 643 
[1936] correction: 644 
 645 
 
! 
"
c
=
8
Re
0
µ(T
w
)
µ(T)
# 
$ 
% 
& 
' 
( 
)
                                                                                                     (26) 646 
 647 
where 
! 
"  is an empirical coefficient with a value of about 0.2-0.3 [suggested values 648 
are 0.14 and 0.25; Sieder and Tate, 1936]. Generally 
! 
"  could depend on 
! 
"  too. In this 649 
case both 
! 
T
w
 and 
! 
T  can be calculated following the method described in the Appendix 650 
(for practical purposes 
! 
T
0  can be used instead of 
! 
T  ). On the other hand, for large 
! 
" , 651 
the estimation of the friction factor is much more difficult because the scarcity of data 652 
due to the highly demanding computational costs. We found that an empirical 653 
correction valid in the range of large 
! 
"  for 
! 
Gz >O(10
3
)  can be given by: 654 
 655 
! 
"
c
=
8
Re
0
1
1+ A#
1.5                                                                                                      (27) 656 
 657 
with 
! 
A " 0.3 (
! 
Gz > 500  can be considered as a practical threshold for the validity of 658 
the parameterization). 659 
Usage of corrections (26) and (27) significantly improves the fit for the friction factor 660 
for high-
! 
"  or low-
! 
"  regimes, respectively (Fig. 6). It is not possible to apply 661 
corrections for the intermediate regime because the effects of cooling and viscous 662 
heating are both of about the same order. However, in this case the deviation from the 663 
classical Poiseuille solution is not very large, especially in the case of very large 664 
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Graetz numbers, when conduction plays a minor role. Since both relationships (26) 665 
and (27) represent empirical corrections, its application outside the validity range can 666 
lead to incorrect results. Further calculations for a wider range of parameters will help 667 
to improve the parameterizations (26) and (27) and extend their validity limits. 668 
5. Discussion 669 
Asymptotic and numerical results show that, for large discharge rates and/or high 670 
magma viscosity, i.e., large Na numbers, very high temperatures can be reached due 671 
to viscous dissipation. Typically this may happen during explosive eruptions of both 672 
basaltic and silicic magmas (characteristic values of Na range from 102 to 1012) or for 673 
lava dome eruptions for highly crystalline magmas. Our calculations show a 674 
temperature increase with respect to inlet temperature by up to 150 K for Σ = 5.1 and 675 
up to 45 K for Σ = 1.05. In Vedeneeva et al. [2005] for typical parameters of explosive 676 
eruptions calculated temperature rises were of order of 1000 K.  677 
We have not considered several mechanisms that can potentially reduce these very 678 
large temperature rises. The first mechanism that can dampen temperature increase is 679 
related to thermal erosion of conduit walls. Once the country rock liquidus 680 
temperature (usually much higher than that of the flowing magma because anhydrous 681 
conditions) is reached, a consequent thermal erosion can happen within a narrow layer 682 
close to the conduit walls. The second mechanism is related to crystal content 683 
reductions in the layer where temperature is higher because of the viscous dissipation. 684 
In fact a local crystal content decrease, which contributes in reducing viscosity, is 685 
expected because of the temperature increases. As a consequence, the regions that 686 
experience high shear and temperatures will be characterized by crystal resorption, 687 
transiently or permanently elongated bubbles and by compositional differences. The 688 
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third mechanism is due to the magma viscosity strain-rate dependence [Caricchi et 689 
al., 2007] which can reduce magma viscosity by up to 2-3 orders of magnitude in the 690 
high-shear, high-crystallinity regions. Further reductions in viscosity can be due to the 691 
effects of bubble deformation in the high-shear regions [Llewellin and Manga, 2005]. 692 
As shown by results of fully 2-D simulations, the effective heat exchange can be 693 
enhanced by the effects of thermal instabilities which may lead to vortex formation 694 
[Costa and Macedonio, 2005]. Another mechanism mentioned in Mastin [2005], is 695 
stress redistribution, followed by brittle failure in nearby magma or host rock. Like 696 
fracture growth, the process of viscous dissipation involves strain localization along 697 
planar features of finite size. Slip along those planes tends to concentrate stress at the 698 
ends of the slip patches, which then fail by brittle mechanisms because they are at 699 
lower temperature and cannot accommodate the high strains. This process would be 700 
analogous to the growth and linkage of fractures associated with fault formation [e.g., 701 
Segall and Pollard, 1983; Martel, 1990]. From a computational point of view, 702 
considering all these processes together is an extremely complicated and expensive 703 
undertaking. 704 
Many mechanisms discussed above can be taken into account using a quasi-2-D 705 
model developed in Vedeneeva et al. [2005] because the approach is less 706 
computationally expensive. Two significant limitations of the model narrow its 707 
applicability to magmatic flows with heat loss to host rocks. First, the model is 708 
steady-state and therefore cannot be used to explore the transient evolution of typical 709 
eruptions. Because the hydrodynamic timescale is much shorter than the conductive 710 
timescale in host rocks, changes in the temperature and velocity fields occur quasi-711 
statically. Thus quasi-static approach can be used. Second, there are only two types of 712 
boundary conditions implemented in the model: an isothermal BC with wall 713 
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temperatures equal to the inlet temperature or adiabatic BC. Therefore, the influence 714 
of rock temperature variations on conduit flow dynamics cannot be treated within the 715 
framework of current model. When heat flux to wall-rocks is negligibly small (at 716 
large values of τ and large flow rates), the adiabatic boundary condition becomes a 717 
good approximation. Fig. 7 shows comparison of temperature profiles for the case of 718 
! 
Re
0
"10
#7 ,
! 
Pr
0
"10
12 , 
! 
Gz = 560 , 
! 
Na
0
=125  and 
! 
" = 5.1. Due to the presence of some 719 
heat flux to the wall-rocks in the case of fully 2-D model the quasi-2-D model 720 
overestimates the temperature increase due to viscous dissipation although the 721 
difference in model predictions is less than 20 %. In the case of fully 2-D model the 722 
temperature maxima occurs at some distance from the wall because of the cooling of 723 
the layer of magma attached to the wall. In the case of adiabatic conditions, the 724 
maximum temperature increase occurs directly at the conduit wall. 725 
The advantage of the quasi-2-D model is that it is computationally very efficient and 726 
allows fine meshes for highly non-linear problems. As an example we show 727 
calculation results for the case when viscosity is a function of crystal content as in 728 
Costa [2005] and Costa et al. [2007a; 2007b], and the crystal content is a linear 729 
function of temperature 
! 
" = (T #T
S
) (T
L
#T
S
)  where Ts and TL are assumed constant 730 
(Fig. 8). As a reference temperature profiles obtained in the fully 2-D model for the 731 
case of constant crystal content are shown with crosses (Fig 8a). The temperature 732 
increase due to viscous heating is smaller in the case of variable crystal contents due 733 
to the formation of the layer near the wall where crystal content and, therefore, 734 
viscosity of magma is lower (Fig. 8b). Crystal content of the magma decreases from 735 
52 down to 33% leading to a viscosity decrease by a factor of 160.  736 
At its current stage the quasi-2-D model gives an oversimplified representation of the 737 
conduit flow dynamics in comparison with existing 1-D models (e.g. Melnik and 738 
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Sparks [2005] for the case of lava dome eruptions) because it does not account for 739 
volatile exsolution, bubble growth, degassing-induced crystallization and gas filtration 740 
through the magma. But the approach used in the model allows one to build all these 741 
processes into the model keeping the code computationally efficient. More effort will 742 
be required to make this model transient. Even with such complications the model 743 
will not be able to account for all aspects of magma-rock interactions (including 744 
melting and gas exchange with the surrounding hydrothermal system). A fully 2-(3)-D 745 
code must be developed in the future in order to study this complicated phenomenon. 746 
It will require intensive usage of parallel processing and collaboration between 747 
scientists with mathematical, computer science and geological backgrounds. 748 
Successful realisation of such projects in volcanology already exists [Esposti Ongaro 749 
et al., 2006].  750 
A major issue is that account of cross-conduit variations in magma properties is 751 
essential for better understanding of the dynamics of volcanic eruptions. Preliminary 752 
estimates of the eruption intensity based on 1-D isothermal ascent models can be 753 
orders of magnitude wrong in both directions. Discharge rate can be greatly 754 
overestimated for the case of cooling-dominated flows or highly underestimated in the 755 
case of heating-dominated flows. Models that take into account parameter variations 756 
across the conduit will also be very useful for interpretation of textural and 757 
compositional variations in eruptive products. 758 
 759 
 760 
 761 
6. Conclusion 762 
Results from calculations of coupled non-isothermal 2-D conduit flow and heat 763 
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transfer in wall-rocks show complicated non-linear variations of magma temperature 764 
due to interactions between viscous heating and heat conduction and advection. 765 
Magma flow dynamics change drastically as a consequence of these couplings with 766 
respect to the isothermal case. When one of the processes is dominant, i.e. heat 767 
generation by viscous dissipation or heat loss by conduction, analytical 768 
approximations are found. These approximations are based on the parameters of the 769 
magma at the inlet of the conduit and, therefore, do not require any knowledge of 770 
special and temporal variations of parameters inside the conduit. Results of 771 
simulations show that friction, estimated from the Poiseuille solution, which is widely 772 
used in 1-D flow models can be orders of magnitude larger for the case of significant 773 
magma cooling during ascent or orders of magnitude smaller when viscous heat 774 
generation is significant. Correction to the Poiseuille solution makes it possible to 775 
estimate the friction within one order of magnitude for both cooling and heating 776 
dominated regimes. Large cross-conduit variations in temperature, estimated both 777 
from asymptotic and numerical analysis, must be considered in the interpretation of 778 
crystal distribution, textural and compositional diversity of volcanic products.  779 
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 Appendix: 1-D Model for estimating the wall temperature and Nusselt number 789 
for conductive-heat-loss-dominated regimes 790 
Here we provide the derivation of the wall temperature
! 
T
w
, the Nusselt number 
! 
Nu
D
, 791 
and the universal time function 
! 
E
a
 which appear in Eqs. (18) and (24). 792 
Let us consider a cylindrical conduit with a radius R , filled with a fluid flowing at a 793 
bulk average temperature 
! 
T =
0
R
" rVTdr
0
R
" rVdr , embedded in a host rock having a far 794 
field temperature 
! 
Tff = Tff (x). Assuming that the transversal thermal gradients are 795 
much larger than the longitudinal, at a given depth we can write a 1-D equation for the 796 
temperature inside the country rock (R r! < " ), as [Ingersoll and Plass, 1948]:  797 
 798 
! 
"T
"t
=#
"2T
"r2
+
1
r
"T
"r
$ 
% 
& 
' 
( 
) , t > 0                                                                            (A1) 799 
 800 
with the following initial and boundary conditions:  801 
 802 
! 
T = Tff , t = 0                                                                                                  (A2) 803 
 804 
! 
"k
#T
#r
|r=R= qw ,    t > 0                                                                                       (A3) 805 
 806 
! 
T = Tff , r"#, t > 0                                                                                      (A4) 807 
 808 
where 
w
q  represents the heat flux from the wall per unit length and 
! 
" = k (#cp ). We 809 
can express the heat flux 
w
q  through the heat transfer coefficient ( )h x  or its 810 
dimensionless form, i.e. 811 
 35 
! 
Nu
D
= 2hR/k :  812 
 813 
! 
qw (x) = 2"h(x) T #Tw (x)( )                                                                                       (A5) 814 
 815 
Equation (A1) with the conditions (A2), (A3) and (A4) has an analytical solution for 816 
the wall temperature [e.g., Yu et al., 2004]:  817 
 818 
! 
Tw = Tff + 2"NuD (T #Tw ) $ Ec (%) with
Ec (%) =
1
" 2 0
&
' e#%(
2
#1( ) J0(()Y1(() #Y0(()J1(()
( 2[J1
2
(() +Y1
2
(()]
d(
                                               (A6) 819 
 820 
where 
0 1 0
J J Y, ,  and 
1
Y  are the Bessel functions in the standard notation, 
! 
" = r/R is the 821 
dimensionless distance and 
! 
" = kt/(#cpR
2
)  the dimensionless conductive time. 822 
Previous studies [Yu et al., 2004] have shown that for large values of ! , the function 823 
( )
c
E !  can be approximated as:  824 
 825 
! 
E
c
(") #
1
4$
Ei
1
4"
% 
& 
' 
( 
) 
* " >>1                                                                                (A7) 826 
 827 
where 
! 
Ei(z) =
z
"
# e$v/vdv  is the exponential integral function. In general, for magma 828 
flows, we have regimes where  
! 
t
c
" R
2 # >>1 and we cannot assume 
! 
" >>1, i.e. we 829 
cannot use relationship (A7). Making a parameterization for the difference between 830 
c
E  and its approximation (A7), we found a reasonable approximation valid for 831 
7
10! ">  is given by:  832 
 833 
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! 
E
c
(") # E
a
(" ) $
1
% 2
"1/ 2
a1 + a2"
3/4
+ a3"
5/4
+
%
4
Ei
1
4"
& 
' 
( 
) 
* 
+ 
, 
- 
. 
/ 
0 
1                                               (A8) 834 
 835 
where 
! 
a
1
= 0.5386, 
! 
a
2
= 0.4072  and 
! 
a
3
=1.2977 . Using (A6) and (A8) we obtain 836 
finally a relationship for the conduit wall temperature 
w
T  as:  837 
 838 
! 
Tw =
Tff + 2"NuD Ea (# )T
1+ 2"NuD Ea (# )
                                                                                        (A9) 839 
 840 
For magma flows the thermal relaxation length is typically very large [Costa and 841 
Macedonio, 2003]. For this reason we need to adopt a parameterization for the local 842 
Nusselt number valid in regimes characterized by a fully developed velocity 843 
distribution and a developing temperature distribution. Here we restrict our 844 
considerations to the case where viscous heating effects are negligible.   845 
For estimating the Nusselt number Nu  we adopt a semi-empirical model valid over 846 
the entire range of dimensionless duct length for very large Pr  and different cross 847 
section shapes developed by Muzychka and Yovanovich [2004]:  848 
 849 
! 
Nu
RH
=
1/n
n
c
1
1/3
Po "Gz
RH x( )
# 
$ % 
& 
' ( 
+
n
c
2
Po
8 )*+
# 
$ % 
& 
' ( 
, 
- 
. 
/ . 
0 
1 
. 
2 . 
                                                        (A10) 850 
! 
Po "
12
# (1+ #) 1$
192#
% 5
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2#
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' 
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) 
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+ 
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. 
/ 
0 
1 
                                                                           (A11) 851 
In Muzychka and Yovanovich [2004] the dimensionless number was based on the 852 
square root of duct section 
H
R  (for a cylinder 
! 
R
H
= "R). Therefore, in the 853 
relationships (A10) and (A11),  
! 
Gz
RH x
= Re
RH
Pr
RH
x
 denotes the local Graetz number 854 
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(where x  is the distance from the inlet must be larger then a few times 
! 
R
H
, 855 
! 
Re
R
H
=VR
H
/"  Reynolds number, and 
! 
Pr = "/#  Prandtl number). 
! 
Po indicates a 856 
dimensionless factor (sometimes called Poiseuille number) depending on the friction 857 
factor-Reynolds number products (
! 
Po = f Re ). The symbol 
! 
" = b/a represents the 858 
aspect ratio where a and b are the major and minor axis of ellipse respectively. 859 
However since we consider a cylindrical conduit  (a=b=R) we have 
! 
" =1. Concerning 860 
the numerical parameters, Muzychka and Yovanovich [2004] gave 
1
0 409c = .  and 861 
2
3 24c = .  for uniform wall temperature boundary condition and 
1
0 501c = .  and 862 
2
3 86c = .  for uniform wall flux boundary condition, 
! 
n " 5  and 
! 
" # 0.1 (for ellipse).   863 
In estimating the Nusselt number of fluids with a strong temperature-dependent 864 
viscosity, such as magmas, it is necessary to account for effects of viscosity variability 865 
[Sieder and Tate, 1936; Wichterle, 2004]. To account for that, in the relationship 866 
(A10), we multiply 
1
c  times 
! 
" following the classical correction proposed by Sieder 867 
and Tate [1936]:  868 
 869 
! 
" =
#
xµ µ
w( )                                                                                                           (A12) 870 
 871 
where 
! 
µ is the viscosity corresponding to the bulk temperature, 
! 
µ
w
 is the viscosity at 872 
! 
T = T
w
, and the exponent 
! 
"
x
 is an empirical parameter of the order of 0.1 ranging 873 
from 0.05 to 0.25 [Wichterle, 2004] with a recommended average value of 0.14 874 
[Sieder and Tate, 1936; Wichterle, 2004]. After incorporating all the features 875 
described above, the Nusselt number for a cylindrical conduit is calculate finally as:  876 
 877 
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! 
Nu
D
=
2
"
1/ 5
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1
#
1/3
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                                                     (A13)                             878 
 879 
with 
! 
C
1
" 3 and 
! 
C
2
" 0.4 . With these parameters we have verified that the model is 880 
able to reproduce the computational solution of the fully 2-D thermo-fluid problems 881 
in the regime of very low Re, high Pr and very low Na (note that 
! 
Nu
D
= 2 " # Nu
R
H
 882 
and 
! 
Gz
RH x
= "  Gz
x
). 883 
 884 
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NOTATION LIST 1025 
 Notation  
 
Description 
! 
b Rheological parameter in Eq. (6) 
B Dimensionless Temperature Scale for 
! 
"T
*
= "T
bc
 
Br Brinkman Number 
! 
c  Bulk Specific Heat  
! 
cp  Magma Specific Heat 
 D Conduit Diameter  
! 
E
a
 Approximate Conductive Universal Function  
! 
E
c
 Conductive Universal Function  
Ei Exponential Integral Function 
! 
g Gravity acceleration vector 
Gr Viscous Dissipation Number in Eqs. (15) and (17) 
Gz Bulk Graetz Number in Eqs. (15) and (17) 
! 
Gz
x
 Local Graetz Number in Eq. (23b) 
H Slab Thickness 
! 
k  Magma Thermal Conductivity 
 L Conduit Length 
! 
L
*  Latent heat of crystallization 
Na Nahme-Griffith Number 
! 
Na
0
 Inlet Nahme-Griffith Number 
! 
Na
*
 Auxiliary Nahme-Griffith Number 
! 
Nu
D
 Nusselt Number based on D 
! 
Nu
R
H
 Nusselt Number based on 
! 
R
H
 
 P Dimensional Pressure  
! 
P
*
 Auxiliary Pressure Variable in Eq. (8)  
Po Poiseuille Number  
Pr Prandtl Number  
! 
Pr
0
 Inlet Prandtl Number  
Q Volume Discharge Rate 
! 
Qpois  Volume Discharge Rate from Poiseuille Solution 
 
! 
r  Radial Direction Variable  
 R Conduit Radius  
! 
R
H
 Conduit Square Root Section 
Re Reynolds Number based on R 
! 
Re
0
 Inlet Reynolds Number based on R 
 S Dimensionless Temperature Scale in Eq. (17) 
! 
t  Dimensional Time 
 T Dimensional Temperature Variable  
! 
T
ch
 Magma Chamber Temperature 
! 
T
env
 Environmental Surface Temperature 
! 
Tff  Rock Far-Field Temperature 
! 
T
L
 Liquidus Temperature  
! 
T
R
 Reference Temperature  
! 
T
S
 Solidus Temperature  
! 
T
w
 Conduit Wall Temperature  
! 
T
0
 Conduit Inlet Temperature  
 45 
! 
T
*
 Auxiliary Temperature Variable 
! 
T  Convected Mean Temperature in Eq. (11) 
! 
T  Outlet Average Temperature in Fig. 2 
! 
u  Dimensionless Longitudinal Velocity 
! 
v = (v
x
,v
r
)  Velocity Vector 
V Average Velocity  
! 
w
0
 Concentration of Dissolved Gas 
W Slab Width 
! 
x  Longitudinal Direction Variable  
Greek Symbols 
! 
"  Crystal Fraction 
! 
"  Geometry Parameter in Eqs. (19) and (23b) 
! 
" Dimensionless Radial Variable 
! 
"P  Overall Pressure Drop in Eq. (10) 
! 
"T
*
 Generic Temperature Scale 
! 
"T
bc
 Temperature Scale in Eq. (12a) 
! 
"T
rheol
 Temperature Scale in Eq. (12b) 
! 
"T
visc
 Temperature Scale in Eq. (12c) 
! 
"  Friction Factor in Eq. (25) 
! 
"
P
 Friction Factor from Poiseuille Solution 
! 
"
c
 Corrected Friction Factor in Eqs.(26) and (27) 
! 
" Factor Correction for Nusselt Number  
! 
µ Dimensional Magma Viscosity Variable 
! 
µ
R
 Magma Viscosity at T=TR 
! 
µ
0
 Magma Viscosity at T=T0 
! 
"
*
 Dimensionless Pressure in Eq. (16) 
Θ Correction to Viscosity due to Crystals Content 
! 
"  Dimensionless Temperature Variable 
! 
"  Dimensional Magma Density  
! 
"
r  Density of host rocks 
! 
"  Dimensionless Regime Number 
! 
"  Dimensionless time 
! 
"  Stress tensor in Eqs. (3) and (4) 
! 
"  Dimensionless Longitudinal Variable 
 1026 
 1027 
 1028 
 1029 
 1030 
 1031 
 1032 
 1033 
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TABLES: 1034 
Table 1. Parameters used in the simulations (in bracket) and typical ranges for  1035 
different eruptive styles. 1036 
Values 
Symbol 
 
Description Lava Flow Lava Dome Explosive 
 
Reference 
R Conduit Equivalent Radius (m) 0.1-15 10-50 (15)  10-50  (a),(c),(e),(g) 
L Conduit Length (km) 2-10  2-10 (5)  2-10  (a),(c),(e),(g) 
! 
"  Density of Magma (kg m-3) 2500-2800  2200-2600 (2500) 2000-2300  (h) 
! 
"
r
 Density of Host Rocks (kg m-3) 2000-2800 2000-2800 (2600)  2000-2800 (h) 
Q Discharge Rate (m3/s) 1-104 10-2-10 103-106 (b),(i) 
! 
"
0
 Initial Crystal Concentration (vol. %) 0-10 20-60 (50-60) 0-60 (e),(f),(h) 
! 
w
0
 Initial Water Concentration  (wt %) 0.1-1 1-7 (2.5)  1-10 (d),(e),(g),(i) 
! 
L
*
 Latent Heat of Crystallization (J kg-1) 2-8 X105 2-8X105 (3.5X105) 2-8X105 (a),(e),(h) 
! 
T
L
  Liquidus Temperature (oC) 1200-1300 1000-1100 (1070) 1000-1100 (e),(f),(h) 
! 
T
0  Magma Chamber Temperature (oC) 1000-1200 700-1000 (850) 700-1000 (a),(e),(f),(h) 
! 
µ
0
 Melt Viscosity at T0  (Pa s) 10-105 106-1015 (2X106) 103-109 (d),(e),(f),(h) 
! 
b Rheological Parameter (K-1) 0.01-0.2 0.01-0.1 (0.03) 0.01-0.1 (d),(f),(h) 
! 
T
S
 Solidus Temperature (oC) 900-1000 600-800 (800) 600-800 (e),(f),(h) 
! 
cp  Specific Heat (J kg-1K-1) 1400-1500 1200-1400 (1200) 1200-1400 (h) 
! 
k  Thermal Conductivity (W m-1K-1) 1.0-3.0  1.0-3.0 (1.0) 1.0-3.0 (h) 
(a) Bruce and Huppert [1989]; (b) Carey and Sigurdsson [1989]; (c) Costa et al. [2007b]; (d) Hess and 1037 
Dingwell [1996]; (e) Melnik and Sparks [2005]; (f) Shaw [1969]; (g) Stasiuk et al. [1993]; (h) 1038 
Touloukian et al. [1989]; (i) Wadge [1981] 1039 
 1040 
 1041 
 1042 
 1043 
 1044 
 1045 
 1046 
 47 
Table 2. Typical dimensionless parameter ranges. 1047 
Values 
Symbol 
 
Description Lava Flow Lava Dome Explosive 
! 
Gz =
1
"
#cQ
kL
  Graetz number 
 
10-106 
 
10-1-104 
 
104-108 
! 
Na
0
=
1
" 2
bµ
0
Q
2
kR
4
 
 
Nahme number 
 
10-4 -108 
 
10-5 -109 
 
10-1013 
! 
Pr
0
=
µ
0
c
k
 
 
Prandtl number 
 
103 -108 
 
108 -1018 
 
105 -1012 
! 
Re
0
=
1
"
#Q
µ
0
R
  Reynolds number 
 
10-3 -105 
 
10-15 -10-3 
 
10 -105 
! 
" =
Na
0
Gz
  Regime number 
 
10-2 -102 
 
10-4 -105 
 
1-1011 
 1048 
1049 
 48 
FIGURE CAPTIONS: 1049 
 1050 
Fig. 1. Sketch of the studied system. Inside the conduit of radius R and length L we 1051 
solve the transport equations for mass, momentum and energy. At the inlet we assume 1052 
a parabolic profile and a constant temperature equal to the magma temperature Tch, at 1053 
the outlet we assume free flow condition, along the wall we impose a no slip 1054 
condition for the velocity whereas the wall temperature is given by the solution of the 1055 
conductive heat equation inside the host rock solved  considering as far field 1056 
conditions (at a distance 10 R) a linear profile from Tch to an constant environmental 1057 
temperature Tenv. 1058 
 1059 
Fig. 2. Variations of discharge rate (normalized by a discharge rate calculated from 1060 
the Poiseuille solution Qpois) with dimensional time 
! 
"  (Fig. 2a). Cross-section 1061 
averaged normalized temperature at the top of the conduit 2
0
2 /
R
T rTdr R= !  versus  1062 
! 
"  (Fig. 2b). Viscosity correction factor Θ is equal to 10 for the dashed lines and to 1063 
100 for the solid. Qpois is calculated from Poiseuille solution for magma with the 1064 
initial temperature T0: 
! 
Qpois =
"#PR4
8µ
0
$L
. The value of ΔP is 10, 30, 70 and 80 MPa for 1065 
curves 1-4 and 10, 20 and 70 MPa for curves 5-7. The value of µ0 is 2.1x106 Pa. 1066 
Using reference dimensional parameters the Qpois= 1.89 ΔP/Θ. 1067 
  1068 
Fig. 3. Temperature (a) and velocity (b) radial profiles at the outlet for the three 1069 
different regimes (from left to right 
! 
" # 0.1 (
! 
Na
0
"1.6), 
! 
" # 0.6 (
! 
Na
0
" 60), 
! 
" # 5.1 1070 
(
! 
Na
0
"125) respectively, where 
! 
" # Na
0
Gz ). The intermediate case reported here 1071 
has a large Gz number (about 8000), for lower values conductive loss is significantly 1072 
 49 
important in the upper part of the conduit and velocity profiles are different from the 1073 
parabolic one. Curves 1 to 5 correspond to the values of τ = 0.234, 0.467, 0.93, 2.34 1074 
and 4.67 respectively (5, 10, 20, 50 and 100 years for the dimensional parameters 1075 
used in simulations.   1076 
 1077 
Fig. 4. Comparison between the analytical solutions and the 2-D computed. On the 1078 
left (Fig. 4a) the wall temperature solution (24) valid in the heat loss dominated 1079 
regimes (here case 
! 
" # 0.1 and 
! 
Na "1.6. On the right (Fig. 4b) the asymptotic solution 1080 
for the mean temperature (23b) are reported for two different cases: black line and 1081 
black symbols denote the case having 
! 
" # 5.1, 
! 
Na
0
"125, 
! 
Gz " 600 (with 1082 
! 
ln(Na) Gz " 0.13), whereas grey line and grey symbols denote the case having 1083 
! 
" # 3.6, 
! 
Na
0
" 60 and 
! 
Gz " 280 (with 
! 
ln(Na) Gz " 0.24 ). Curves 1 to 5 correspond to 1084 
the values of τ = 0.234, 0.467, 0.93, 2.34 and 4.67 respectively (5, 10, 20, 50 and 100 1085 
years for the dimensional parameters used in simulations. 1086 
 1087 
Fig. 5. Longitudinal profiles along the conduit of the ratios between the computed 1088 
friction factor and the corresponding Poiseuille solutions in the three different regimes 1089 
(from left to right 
! 
" # 0.1 (
! 
Na
0
"1.6), 
! 
" # 0.6 (
! 
Na
0
" 56), 
! 
" # 5.1 (
! 
Na
0
"125), respectively). 1090 
Different symbols correspond to the values of τ = 0.234, 0.467, 0.93, 2.34 and 4.67 as 1091 
reported in the inset (5, 10, 20, 50 and 100 years for the dimensional parameters used 1092 
in simulations. 1093 
 1094 
Fig. 6. Longitudinal profiles along the conduit of the ratios between the computed 1095 
friction factor and the analytical corrections in the three different regimes (from left to 1096 
right 
! 
" # 0.1 (
! 
Na
0
"1.6), 
! 
" # 0.6 (
! 
Na
0
" 56), 
! 
" # 5.1 (
! 
Na
0
"125), respectively). Different 1097 
 50 
symbols correspond to the values of τ = 0.234, 0.467, 0.93, 2.34 and 4.67 as reported 1098 
in the inset (5, 10, 20, 50 and 100 years for the dimensional parameters used in 1099 
simulations. 1100 
  1101 
Fig. 7. Comparison between radial temperature profiles obtained by fully 2-D (dashed 1102 
grey lines) and quasi-2-D (black lines) numerical models for the case of  1103 
! 
Re
0
"10
#7,
! 
Pr
0
"10
12 , 
! 
Gz = 560 , 
! 
Na
0
=125  and 
! 
" = 5.1. 1104 
 1105 
Fig. 8. Influence of crystal resorption and crystal content dependent viscosity on 1106 
temperature increase inside the conduit (Fig. 8a). Dashed grey lines are calculations 1107 
for 
! 
" = 500  whereas black lines for  
! 
" ="(#) following Costa [2005] and Costa et 1108 
al. [2007a; 2007b]. Radial variation of crystal content across the conduit (Fig. 8b). 1109 
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